ABSTRACT: Scattering of electrons due to fractons can result in a resistivity that decreases with temperature. Such a behavior also appears in real quasicrystals. If this is then attributed to fracton scattering, fracton-superconductivity would be theoretically possible. By fitting with the scattering result the experimental resistivity data for the AlPdMn quasicrystal, we estimate the corresponding T c . This effective fracton interpretation, not unexpected for a self-similar system, is also found consistent with other experiments on thermal and acoustic properties of the AlPdMn quasicryst not offal.
The quasicrystalline state 1 is a new and novel state of matter discovered a decade ago 2 , with anomalous physical properties that still pose a challenge to a fundamental theoretical understanding. Most concepts of conventional Solid State Physics are inappropriate for a rigorous theoretical modeling of ideal quasicrystalline systems. The basic reason is the lack of periodicity, that makes concepts from Bloch theory invalid, but also the lack of randomness, in its usual sense, that, rigorously speaking, prevents one from using concepts pertaining to disordered systems. In fact, from a structural point of view, quasicrystals can be viewed as being in between periodic and purely disordered systems. Their seemingly irregular structure incorporates a complete (aperiodic) long-range order. Nevertheless, there have been in the past decade important theoretical developements towards a complete structural characterization, especially based on the hyperspace construction or, alternatively, on matching rules in physical space. However, given the structure of an ideal quasicrystal, almost nothing is known with certainty concerning its electronic properties.
It is only in 1-d quasiperiodic chains that rigorous results are known 3 , and this is basically a consequence of the trivial topology. Most of these results manifest a new type of electronic state that has been called "critical", which can also be viewed as having a character that is between extended and localized states (the former being the generic electronic state in an ideally periodic system, the latter being the one in a sufficiently disordered system).
What is fascinating (although not entirely unexpected) is that these critical states have a multifractal nature, basically because of a type of self-similarity that characterizes a typical quasiperiodic structure and that is further discussed below.
Experimentally there has been active research on structural aspects 4 with few questions still being unresolved, concerning especially the actual positions of atoms. In the past few years there has also been intense activity on electronic properties 5 as well. The latter demonstrate a number of anomalous transport properties that seem to be opposite to the typical behavior of metallic materials. The simplest of these, namely the temperature dependence of the resistivity, is the focus of our work below, and will be given a new interpretation, related to the fractal nature of the quasicrystalline state.
It is known that in quasicrystalline phases there exist atomic clusters with hierarchical and quasiperiodic packings 6 , the existence of which is ultimately related to an already mentioned type of self-similarity of the quasicrystalline state; this is scale-invariance under appropriate inflation/deflation transformations. It may therefore be expected that quasicrystals may effectively have properties that generically appear in fractal systems. In particular, the vibrational properties may be describable in terms of effective fracton spectra (quanta of special localized modes in fractal systems), a concept introduced 7 shortly before the discovery of quasicrystals and used in approximate theoretical modeling of certain disordered systems 8 . We want to emphasize in this work the interesting fact that such an assumption of fractal vibrational behavior, and in particular the simulation of the vibrating quasicrystalline structure with a vibrating bond-percolation network 9 with the proper exponents, can account for the anomalous transport properties of this system. In more detail, a simple electron-scattering calculation due to fractons associated with these vibrations, can lead to a resistivity that decreases with temperature, a behavior opposite to the normal electron-phonon scattering behavior manifested in metallic materials.
On the other hand, it was already mentioned that quasicrystals also behave anomalously; the experimentally measured resistivity 10 , for example, always shows the same qualitative behavior, namely a resistivity lowering with temperature. The basic proposition in the present Letter is to relate the two qualitatively similar results in a quantitative manner.
Hence, by attributing the experimental behavior of the resistivity of real quasicrystalline materials to an effective fracton spectrum (and to the eventual electron-fracton scattering), we determine the corresponding electron-fracton coupling. On the other hand, the mere existence of fractons and the scattering of electrons off them, will in principle lead to an attractive electron-electron interaction (in a way similar to the conventional Fröchlich 11 electron-phonon mechanism) and will in principle result in superconductivity due to the corresponding fracton-mediated electron-pairing.
In this Letter: 1) we use the above mentioned electron-fracton scattering result to determine the electron-fracton coupling from the temperature-dependent resistivity of the AlPdMn quasicrystal, 2) we show evidence that this effective fracton interpretation is consistent with other experiments on the same material, namely, measurements of specific heat, thermal conductivity, and temperature-dependent velocity of sound, and 3) we use the above determined electron-fracton coupling within an approximate form of the Eliashberg theory 12 of strong-coupling superconductivity, to give an estimate of the range of the critical temperature T c of the corresponding fracton-mediated superconductivity.
In more detail, a calculation 13 to second order in perturbation theory with respect to electron-fracton coupling, leads to a scattering time that is approximately given by
provided that one uses a fractal dimension D = 4 and a fracton dimensiond = 4/3, which are the proper values for a bond-percolation network at the marginal dimensionality d = 6
where both mean-field exponents and hyperscaling are valid 14 . In (1) and (2) ρ is the bulk mass-density, N i is the total number of atoms, λ 0 is the electron-fracton coupling constant, ξ is a characteristic length of fractal behavior (see below and equ. (8)), ω F is the fracton analog of the Debye frequency, ω c is the phonon-fracton crossover frequency, and N (E F ) is the electronic density of states per spin at the Fermi level. Then, a simple scattering-time approximation for the resistivity (equivalent to a neglect of the usual cos( k. k ′ ) factor in the Boltzmann equation) is expected to be a good approximation in quasicrystals 15 because of the stochastically fragmented k-space. As a result, the resistivity is approximately given
forhω c < k B T <<hω F , and is seen to decline with temperature.
We now discuss the possibility of superconductivity caused by the above electronfracton scattering, which can in principle serve as a mechanism for electron-pairing. By using the corresponding fracton density of states
and fracton dispersion relation
in the framework of the Eliashberg theory of strong-coupling superconductivity 12 we arrive at an Eliashberg function
The corresponding superconducting coupling paramemeter, defined in the standard way
is then found to be of the form
We now need to estimate the electron-fracton coupling λ 2 0 from experimental measurements of resistivity in combination with (3) . By fitting the resistivity data 10 on the quasicrystal Al 70.5 P d 22 M n 7.5 with the expression (3), for 100K ≤ T ≤ 150K, we obtain hω c ∼ 0.4 K,hω F ∼ 19000 K, and A ∼ 300 µΩcm.
We should point out here that the very low value for the crossover frequency ω c is actually expected due to the wide plateau measured recently 16 in the thermal conductivity of the AlPdMn system. This is related to a large characteristic length ξ below which we effectively have fractal behavior (or, alternatively, above which the system looks homogeneous).
In the case of the AlPdMn system, and from the relation
we find ξ ≃ 36a 0 , where a 0 is the lowest atomic length scale, which we here take as the Bohr radius.
We now show that the above is also consistent with other experiments on the same material: Measurements of low-temperature specific heat 17 can be rather well reproduced through a phonon-fracton crossover interpretation. Indeed, following the calculation of Avogadro et al. 18 we arrive at results in reasonable agreement with experimental points shown in Fig. 1 of ref. 17. In addition, the rise of the thermal conductivity (κ) above the plateau 16 seems to be consistent with the linear decrease of the relative variation ( if this rise is explained through a theory of phonon-assisted fracton-hopping proposed by
Orbach et al. 21 . In this theory, the two slopes are related by
The experimentally measured value 19 By taking, therefore, the above fracton interpretation at face value, we make use of the above parameters with an effective density r s ∼ 6 and an effective electron-to-atom ratio Z ≃ 1.5, and together with some uncertainty associated with the effective electronic density of states (we use a N (E F ) being between 1 10 and 1 5 of the free-electron density of states), we arrive at the following estimate for the range of λ values 1.26 < λ(T = 0) < 1.79 (10) Finally, we use Kresin's expression 22 for T c
which is supposed to be valid for any arbitrary strength λ. The parameter λ ef f is defined
The characteristic frequency appearing in (11) is defined by
which, with use of (6), leads to < ω 2 > 1/2 ≃ 4000 K. We also need an estimate for the Coulomb parameter µ * which we take from Thomas-Fermi screening theory. This parameter is defined by
with µ given by a Fermi surface average, namely
with the Thomas-Fermi screening wavevector k 0 given by For an effective r s ∼ 6 this yields µ * = 0.816, which signifies a strong electron-electron interaction, that is actually expected for quasicrystals from interpretation of transport data 23, 24 . Substituting all this into (11) 
